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ABSTRACT

A graph G with g edges called an edge-odd graceful graph if there is

a bijection f from the edges of the graph to the set {1, 3, 5, ..., 2g9-1} such that, when each

vertex is assigned the sum of all the edges incident to it modulo 2g, the resulting vertex

labels are distinct. In this paper, we show that prism of cycle C,, where n > 3, is an edge-odd

graceful graph and two copies of wheel graphs W, joining at the middle, which we call

Shaft(n, 1), is an edge-odd graceful graphs whenever nis an odd integer and greater than

or equal to 3.

Keywords: edge-odd graceful labeling, cycle, prism, wheel

Introduction

Let G be a simple undirected
graph with g edges, In this article, we let
WV(G) and E(G) denote the vertex set and the
edge set of G, respectively. In 1967, Rosa
[3] gave a definition of a graceful labeling
of G which is an injection f from UG) to the
set (O, 1, 2, ..., g} such that each edge xy
is assigned the label Ifix)-fiy)l, the resulting
edge labels are distinct. In 1991, Gnanojothi
[1] introduced an odd-graceful concept for
a graph, that is an injection f from W(G)
to the set [0, 1, 2, ..., 2¢-1} such that, when
each edge xy is assigned the label IX)-f(y)l,
the resulting edges labels are in the set
{1, 3, 5, ..., 2g-1]. In 2009, Solairaju and
Chithra [B] reversed the concepts of those
two previous vertex labelings by defining
an edge-odd graceful labeling as

the following.

Definition 1.1 [4] Let G be
a graph, with g edges an edge-odd
graceful labeling of G is a bijection
ffrom E(G) to the set {1, 3, 5, ..., 2g-1} so that
the induced mapping f* from WV G) to the set {0,
1,2, ..., 29-1 given by f(x) = 3fixy) (mod 2q)
where the vertex x is adjacent to the vertex y.
The edge labels and vertex labels are distinct.
A graph that admitted an edge-odd graceful
labeling is called edge-odd graceful.

Before we continue our exploration,
let us introduce some of the common graphs
that we will use in this article

Definition 1.1 [4] Let G be
a graph with gedges, an edge-odd graceful
labeling of G is a bijection ffrom E(G) to the
set {1, 3, b, ..., 2g-1] so that the induced
mapping f* from UG) to the set (0, 1, 2, ..., 2g-
1} given by f(x) = Sfixy) (mod 2g) where
the vertex xis adjacent to the vertex y. The edge
labels and vertex labels are distinct. A graph
that admitted an edge-odd graceful labeling

is called edge-odd graceful.



Before we continue our exploration,
let us introduce some of the common graphs
that we will use in this article

Definition 1.2 [2] A path, written
P,, is a simple graph whose n-vertices can
be ordered so that two vertices are adjacent
if and only if they are consecutive in the list.
Then, the number of edgesis n - 1.

Definition 1.3 [2] A cycle, written
C,, is a graph with an equal number of n
-vertices and n -edges whose vertices can
be placed around a circle so that two vertices
are adjacent if and only if they appear
consecutively along the cycle. In this thesis, we
usually write a cycle C, as uu,Us...u, and we
named the vertices in the clockwise direction.
Then, the number of edges is n.

Definition 1.4 [4] Let v,, v,, Vi,

, v, be vertices on the cycle of SF(n, m)
and for each j € {1, 2, 3, ..., n}, the vertices
vV v
is, the vertex set of SF(n, m) is the set
(VIjEM 23 ..alU[VIjEN 2
3, .., n, i €{1,2, 3, .., m}and the edge
set is the set v, v/ | j € {1, 2, 3, .., n),
i€ (1, 2,3, ... ml U/{vv]. Then,
the number of edges is n + nm.

Definition 1.5 [2] A wheel graph

- V" be vertices joining v, That

W._is a graph with n + 1 vertices obtained by
connecting a single vertex u to all vertices of
a cycle uuyUs...u,. Then, the vertex set of W,
is the set {u, u,, U,, Us, ..., U, ] and the edges
setof W, isthe set{uu | i€ (1,2, 3, .., n}U
lu,uli€l1,2,3, ., n-1U{uu]l Then,

the number of edges is 2n.
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According to Definition 1.1, one
can see that some graphs are not edge-odd
graceful. For example, C, is not an edge-odd

graceful graph.

The above figure shows one
of the labeling on C, which is not
an edge-odd graceful labeling. Actually there
are 6 possible ways to label the edge of C,. One
can easily check that the rest 5 permutations
of {1, 3, B, 7} on each edge will contain some
repeated numbers labeling on the vertices.

Solairaju and Chithra [5]
showed edge-odd graceful labeling of
graphs related to paths. Later, Singhun
[4] showed edge-odd graceful labeling of
graphs related to cycles, SF(n, m) where
n=3 and a wheel graph W, where n'is even.
In Section 2 of this paper, we give algorithms
for edge-labeling of graphs related to prism of
cycle C,, where n= 3, and two copies of wheel
graphs W, joining at the middle, which we later
call Shaft(n, 1) for nis an odd integer and greater
or equal to 3. In Section 3, we show that those
algorithms give edge-odd graceful labeling of
the Prism(C,), where n = 3 and the Shaft (n, 1),
where nis an odd integer and greater or equal
to 3. In Section 4, we give a conclusion of our
results and some discussion on the on-going

research.
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Methodology

Definition 2.1Let n>3 and C, be
an n-cycle uu,us...u,. Let C7 = viuLu’...u’,
be a copy of C,.. Define Prism(C,), called the
prism of C,, by joining each corresponding
vertices u, of C,to u’ of C’. That is the edges
of Prism(C,) consists of u,_u, € EC), u’ u’ €
EC’) and uu’, bridges between C and C’.
Thus, E(Prism(C)) = £C) U EC’) U [uu’ i
€ (1,2, 3, ..., n}}. Then, the number of edges
isg=n+n+n=23n.

Note that the Prism(C,) can be
viewed as a cartesian product of a cycle C,

and a path P,

Example 2.1 From Definition 2.1,

we can have the Prism(C,) as seen below.

Figure 2.1 Prism(C,)

The following diagram shows

an edge labeling the Prism(C;).

13
Figure 2.2 edge-labeling for Prism(C;)

For any n > 3, we can label
the edges of the Prism(C,) by using

the following algorithm.

For label
Let G denote

Algorithm 2.1:
each edge of Prism(C,).
the Prism(C,). Then,

q = 3n. Define f: HG) — (1, 3, 5, ..., 6n-1} by.

11 flu,u) = 4n-2i + 1, for i € (2, 3,
4, .., n};

1.2 fluu) = 4n-1;

1.3 flu,u) = 6n-2i+1, for i € (2, 3,
4, ., n};

1.4 fluiu’) = 6n-1;

1.5 fluy) = 21, fori €{1, 2,3, ....nl.

Example 2.2 From Algorithm 2.1,
we can label each edge of the Prism(C,) as

shown below.

Figure 2.3 edge-labeling for Prism(C,)
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Definition 2.2 Let n > 3 and W, Algorithm 2.2: For label
be a wheel graph with UW) = {u,, u, u;, each edge of Shaft(n, 1).Let n = 3 be an odd
. U, ul and W’ be a copy of W, with the integer and G denote the Shaft(n, 1). Then,
corresponding UW") = {u’, U, UG ..., u’, U q = 4n+ 1. Define f: EG)
Define the Shaft(n, 1) by joining the vertices —{1,3,5,..,8n+ 1} by
uof W to u”of W. That is, E(Shaft(n, 1)) = 2.1 fluu) =8n+1;
Ew) U EW’) U [uu). Then, the number of 2.2 fluu) = 2n-1;
edgesis g=2n+2n+1=4n+1 2.3 fluu,) = 2i-1,fori€{1,2,3, .., n1;
24 fluu) =2n+1;
Example 2.3 From Definition 2.2, 2.5 fluv) = 4n-2i + 3, for i € (2, 3, 4,
we can have the Shaft(3,1) as seen below. s N
2.6 flulu’) = 6n-1;
2.7 flu'u’,) =4n + 2i -1, for i € [1, 2,
3, ..., n-1};
2.8 flulu) =6n+1;
2.9 fluu) =8n-2i+ 3, fori €2, 3,
4, ...,n}.

Figure 2.4 Shaft(3,1)
Example 2.4 From Algorithm 2.2,
Next, we give an algorithm for  we can label each edge of the Shaft(5, 1) as
labeling the edges of the Shaft(n, 1), where  shown below.

n = 3 is an odd integer.

Figure 2.5 edge-labeling for Shaft(5, 1)
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Results

Theorem 3.1 The Prism(C ) is an
edge-odd graceful graph when n > 3.

Proof. From Figure 2.2, we can
see immediately that the induced vertex-

labeling are shown below.
(5)

(3

(13) {15)

Figure 3.1 vertex-labeling induced from

edge-labeling in Figure 2.2

Note that, we use integers
with parenthesis to differentiate all
vertex-labeling from the edge-labeling.
Therefore, it is obvious from Figure 2.1 that
the Prism(C,) is an edge-odd graceful graph.
Let n= 4. We first prove that
the function f defined in algorithm 2.1 is
a bijection from E(G) to {1, 3, 5, ..., 6n-1}. From
algorithm 2.1(1.1, 1.2), we have
A = {flu,u), luu) i € (2,3, 4, .., nl
={2n+1,2n+ 3, ..., 4n-1}.

From algorithm 2.1(1.3, 1.4), we have

B = [flu u), luiu’) i € (2,3, 4, .., n)
={4n+1,4n+ 3, ..., 6n-1}.

From algorithm 2.1(1.5), we have

C =1fluu)1i€11,2,3, .., n}=1{13,
5, ..., 2n-1}.

We can see clearly that A, Band C
are disjoint and fiEPrism(C))) = AU BU C =
1,3, 5, ..., 6n-1].

Next, we will show that the
induced vertex-labeling from edge-labeling
using algorithm 2.1 are in {0, 1, 2, ..., 6n-1} and
all distinct. From algorithm 2.1, we have

fiu,)

fluu?) + fluu) + fluu,) (mod 6n)
= 1+@4n-1) + (4n - 3) (mod 6n)
= 2n-3.
fuu’) + fluu) + flu_u) (mod 6n)
= 2n-1)+@n-1) + 2n+ 1) (mod 6n)
= 2n-1.
fluu’) + fluu) + fluy,,) (mod 6n)
= (2i-1)+(4n-2i+ 1) +
(4n-2(i + 1) + 1) (mod 6n)
= 2n-2i-1,fori€(2,3,4,..,n1].
fluiuy) + fuiu’) + fuiu?)
(mod 6n) =1+ (6n - 1)+ (6n - 3)
(mod 6n)
= 6n-3.
fluu’) + fuu’) + u’ . u’)
(mod 6n)
= 2n-1+®n-1+@n+1)
(mod 6n)
= 6n-1.
fluu’) + f(U',u’) + flu'u’,,) (mod 6n)
= (2i-1)+ Bn-2i+1) +
(6n-2(i + 1) + 1) (mod 6n)
= 6n-2i-1(mod 6n),
for i € (2,3, 4, ..., n-1].



We can see that [f(u) 1/ € [1, 2, 3,
Ln=2n-31U[1,3,5, ..., 2n-5 U [2n-1]
and [f(u)1i€(1,2,3, ...,n}={4n+1,4n+
3,4n+5, ...,6n-5, 6n-3, 6n-1}. Itis clear that
if n= 4, these two sets are all distinct and both
are subsets of {0, 1, 2, ..., 6n-1]. Therefore,
the function f defined in algorithm 2.1 is an
edge-odd graceful labeling and the Prism(C,) is
an edge-odd graceful graph for all n = 3.

Example 3.1 From the edge-
labeling in Example 2.2, the induced vertex-

labeling of the Prism(C,) is shown below.

{29)

Figure 3.2 vertex-labeling induced

from edge-labeling in example 2.2

Theorem 3.2 The Shaft(n, 1) is
an edge-odd graceful graph when n is odd
andnz= 3.

Proof. To prove that fin algorithm
2.2 is a bijection from E(G) to {1, 3, 5, ..., 8n +
1}, we consider the followings. From algorithm
2.2(2.1), we have
A = {fluu)} = {8n + 1].

From algorithm 2.2(2.2, 2.3), we have
B = [fluu,,), fluu) i €1, 2,3, .., n-1)
={1, 3,5, .., 2n-1}.
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From algorithm 2.2(2.4, 2.5), we have

C (fluw), fluy) | i € (2, 3, 4, .., nl}
{2n+1,2n+3,2n+ 5, ..., 4n-1}.
From algorithm 2.2(2.6, 2.7), we have

D = (fluu,), fuu)1i€11,2,3, .., n-1))
{4n+1,4n+ 3, 4n+ 5, ..., 6n-1}.
From algorithm 2.2(2.8, 2.9), we have

E (fluw), fww) i €12, 3, 4, .., nj
[6n+1,6n+3,6n+5, .., 8n-1}.

We can see clearly that A, B, C, D
and E are disjoint and AE(Shaft(n, 1)) =
AUBUCUDUE={1,375, .., 8n+1].
Next, we will show that the induced
vertex-labeling from edge-labeling using
algorithm 2.2 are in {0, 1, 2, ..., 8n + 1} and

all distinct. From algorithm 2.2, we have

fu) = 31" -1 (mod 8n + 2).

f(U) = 7n* = 1 (mod 8n + 2).

flu) = 4n+2i-1,fori€11,2,3,..,n.
F(U) = 8n-1,

Py = 8n+ .

F(U) = 205, for i € (3, 4,5, ..., n.

We can see that {f(u) | i €
1,2, 3 ..n}l=4n+ 1, 4n+ 3, 4n + b,
.y Bn=T} and [f(u) 1 i € [1, 2, 3, 4, ..., n}
Bn-1MUin+11UTIM, 35, .., 2n-5].

t is clear that if nis an odd integer and

n = 3, these two sets are all distinct and
both are subsets of {0, 1, 2, .., 8&n + 1.
We can see that the vertex-labeling of vertices
[u, Uy Uy, ...y u ) and [Uf, U, U, ..., U] are

odd integers. However, the vertex-labeling of
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vertices {u, u are even integers. Finally, we
need to show that f(u) and f(u’) are distinct
under modulo 8n + 2. Suppose in a contrary
that f(u) = F(u) (mod 8n + 2).

Then, 3n* — 1 = 7n*1 (mod
8n+ 2). That is, 2n* = 0 (mod 4n + 1). There
exists an integer & such that 2n* = (4n + 1)k.
Since 2n” is even and 4n + 1is odd, kis even,
say k = 2/ for some integer /. The quadratic
formula implies that 167 + 4/ = 4/(4/ + 1) must
be square. This is a contradiction since gcd
(41, 4/ + 1) = 1. Hence, f(u) and f(u) are
distinct.

Therefore, the function f defined
in algorithm 2.2 is an edge-odd graceful
labeling and the Shaft(n, 1) is an edge-odd

graceful graph for nis odd and n = 3.

Example 3.2 From the edge-
labeling in Example 2.4, the induced vertex-

labeling of the Shaft(b, 1) is shown below.

Figure 3.3 vertex-labeling induced

from edge-labeling in example 2.4

Conclusion and Discussion

For the Prism(C,), where n = 3,
we can use the edge-Ilabeling shown in Figure
2.2 to show that the Prism(C;) is an edge-odd
graceful graph. For n > 4, the edge-labeling
given in Algorithm 2.1 can be proved that the
Prism(C,) is an edge-odd graceful graph.
Finally, as we define a new Shaft(n, 1), for
n =3, we can show that if nis an odd integer
and n = 3, the Shaft(n, 1) is an edge-odd
graceful graph using the edge-labeling given
by Algorithm 2.2 One may extend
the investigation by trying to find an algorithm
for edge-labeling that makes the Shaft(n, 1)
to be an edge-odd graceful graph for even
integer n with n = 4. The followings figures
show edge labelings for Shaft(4, 1) and
Shaft(6, 1) in which we can see that they are
edge-odd graceful graphs. However, we still

cannot find the general algorithm for them.

3 11

NAL A

7N

7 15

Figure 3.4 Edge-labeling for
Shaft(4, 1) and Shaft(6, 1)
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(25} [27)

(33) [31)

Figure 3.5 Vertex-labeling induced from edge-labeling in Figure 3.4
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